ABSTRACT. Let n ≥ 2. In this paper, we obtain approximation properties of various families of normalized univalent mappings f on the Euclidean unit ball B n in C n by automorphisms of C n whose restrictions to B n have the same geometric property of f . First, we obtain approximation properties of spirallike, convex and g-starlike mappings f on B n by automorphisms of C n whose restrictions to B n have the same geometric property of f , respectively. Next, for a nonresonant operator A with m(A) > 0, we obtain an approximation property of mappings which have A-parametric representation by automorphisms of C n whose restrictions to B n have A-parametric representation. Certain questions will be also mentioned. Finally, we obtain an approximation property by automorphisms of C n for a subset of S 0 I n (B n ) consisting of mappings f which satisfy the condition D f (z) − I n < 1, z ∈ B n . Related results will be also obtained.
INTRODUCTION
In this paper we continue the work related to embedding univalent mappings in Loewner chains on the unit ball B n in C n (see [3] , [12] , [13] , [14] , [20] , [32] ). If f is a biholomorphic mapping on B n such that f (B n ) is Runge, then f can be approximated locally uniformly on B n by automorphisms of C n by [1, Theorem 2.1], for all n ≥ 2. Then a natural question arises as follows: Is it possible to approximate f by automorphisms of C n whose restrictions to B n have the same geometric property of f ?
In this paper, we obtain approximation properties of various families of normalized univalent mappings f on B n by automorphisms of C n whose restrictions to B n have the same geometric property of f , for all n ≥ 2. Indeed, in view of a recent result of Hamada [18] , which yields that any spirallike domain in C n with respect to an operator A ∈ L(C n ), such that m(A) > 0, is Runge, we prove that, if n ≥ 2, then every spirallike mapping with respect to A may be approximated locally uniformly on B n by automorphisms of C n whose restrictions to B n are spirallike with respect to A. In particular, any starlike mapping on B n may be approximated locally uniformly on B n by automorphisms of C n whose restrictions to B n are starlike, for all n ≥ 2. Also, we prove that, if n ≥ 2, then any convex (univalent) mapping on B n may be approximated locally uniformly on B n 1 by automorphisms of C n whose restrictions to B n are convex. This result is in contrast to the case of the unit polydisc in C n , where a similar approximation property does not hold. Similar properties also hold in the case of g-starlike mappings on B n , where g is a univalent function on the unit disc U such that g(0) = 1 and ℜg(ζ ) > 0, ζ ∈ U, n ≥ 2. On the other hand, we also prove that in dimension n ≥ 2, the family of normalized automorphisms of C n whose restrictions to B n have A-parametric representation is dense in the family S 0 A (B n ), where A ∈ L(C n ) is a nonresonant operator such that m(A) > 0. A similar property also holds in the case of the reachable family R T (id B n , N A ) generated by the Carathéodory family N A , where T > 0. These results are generalizations of recent results in [21] and [29] . However, the method that we use in this paper is different from those used in the above works.
In the last part of this paper, we obtain an approximation property by automorphisms of C n (n ≥ 2) for a subset of S 0 I n (B n ) consisting of mappings f which satisfy the condition D f (z) − I n < 1, z ∈ B n . Related results will be also obtained.
The main results of this paper can be summarized as follows. The notations will be explained in the next sections.
In particular, S * (B n ) = S * (B n ) ∩ A (B n ), ∀ n ≥ 2. 
PRELIMINARIES
Let C n be the space of n complex variables z = (z 1 , . . . , z n ) with the Euclidean inner product z, w = ∑ n j=1 z j w j and the Euclidean norm z = z, z 1/2 . Also, let B n be the Euclidean unit ball in C n and let B 1 = U be the unit disc. Let L(C n ) be the space of linear operators from C n into C n with the standard operator norm, and let I n be the identity in L(C n ).
We denote by H(B n ) the family of holomorphic mappings from B n into C n with the standard topology of locally uniform convergence. If f ∈ H(B n ), we say that f is normalized if f (0) = 0 and D f (0) = I n . Let L S(B n ) be the subset of H(B n ) consisting of all normalized locally biholomorphic mappings on B n , and let S(B n ) be the subset of H(B n ) consisting of all normalized univalent (biholomorphic) mappings on B n . Also, let S * (B n ) be the subset of S(B n ) consisting of starlike mappings with respect to the origin, and let K(B n ) be the family of normalized univalent mappings which are convex on B n .
We use the following notations related to an operator A ∈ L(C n ) (cf. [26] ):
where σ (A) is the spectrum of A. Note that |V (A)| is the numerical radius of the operator A and k + (A) is the upper exponential index (Lyapunov index) of A. The following relations hold (see e.g. [12] ):
Also, it is known that A ≤ 2|V (A)| and k + (A) = lim t→∞ log e tA t (see e.g. [26] ). If A ∈ L(C n ) with m(A) > 0, then ([8, Lemma 2.1]; see also [12] ):
We consider the following notations (see [5] ):
The following subsets of H(B n ) are generalizations to C n of the Carathéodory family on U (see e.g. [31] ):
and let M = N I n . These families play basic roles in the study of Loewner chains and the associated Loewner differential equations in higher dimensions (see [10] , [12] , [13] , [17] , [18] , [21] , [23] , [24] , [28] , [30] , [31] , [32] ).
The following result will be useful in the next section. Note that the estimates (2) are due to Pfaltzgraff [23] and Gurganus [16] , while the growth result (3) was obtained in [12] (see also [10] ). 
and
A direct consequence of (3) is the following compactness result of the family N A (see [12] ; cf. [10] ).
Next, we recall the definition of spirallikeness with respect to a given operator A ∈ L(C n ) with m(A) > 0 (see [31] ).
The following result due to Suffridge [31] (cf. [16] ) provides a necessary and sufficient condition of spirallikeness for locally biholomorphic mappings on B n .
Hamada [18] proved the following property of spirallike mappings in C n (see [22] , in the case A = I n ).
The following subset of S * (B n ) will occur in a forthcoming section (see e.g. [19] ). Definition 2.6. Let g : U → C be a univalent function with g(0) = 1 and
It is known that K(B n ) ⊆ S * 1/2 (B n ) (see [10] ). This inclusion relation provides a motivation for the study of the family S * g (B n ).
) is the family SS * α (B n ) of strongly starlike mappings of order α on B n (see e.g. [15] , [19] 
is also called a Herglotz vector field (cf. [6] , [8] ).
Next, we recall the notion of an A-normalized subordination chain on B n ×[0, ∞), where A ∈ L(C n ) with m(A) > 0 (see [12] ; cf. [23] ). 
A subordination chain f is said to be univalent if f (·,t) is a univalent mapping on B n , for all t ≥ 0.
A subordination chain f is said to be A-normalized if D f (0,t) = e tA for t ≥ 0, where
If f : B n ×[0, ∞) → C n is a univalent subordination chain, we denote the set t≥0 f (B n ,t) by R( f ), and we call it the Loewner range of f .
is locally absolutely continuous on [0, ∞) locally uniformly with respect to z ∈ B n . If f satisfies the Loewner differential equation
then f is called a standard solution of (4) associated to h.
Remark 2.12. (see [3] , [4] , [33] ; cf. [8] , [15] )
Then there exists an A-normalized univalent subordination chain f : B n × [0, ∞) → C n that is a standard solution of (4) associated to h. Moreover, if g : B n × [0, ∞) → C n is another standard solution of (4) associated to h, then g is a subordination chain and there exists a holomorphic mapping Φ :
, and f satisfies the Loewner differential equation (4) associated with h. The fact that Dh(0,t) = A, for a.e. t ≥ 0, is obvious in view of (4).
(ii) The existence of an A-normalized univalent subordination chain f : B n × [0, ∞) → C n that is a standard solution of (4) associated to h, follows from [33, Theorem 1.6.11] (see also [3] , [32] ). Now, let (v s,t ) t≥s≥0 be the family of transition mappings associated to f . We have that (v s,t ) t≥s≥0 satisfies the initial value problem 
for all z ∈ B n . Let S 0 A (B n ) be the family of mappings which have A-parametric representation on B n . In the case A = I n , let S 0 (B n ) = S 0 I n (B n ) be the family of mappings with the usual parametric representation on B n .
The following definition is related to resonances/nonresonances of an operator
Definition 2.14. Let A ∈ L(C n ) and (λ 1 , . . . , λ n ) ∈ C n be the n-tuple of eigenvalues of A (not necessarily distinct or in a specific order).
If there are s ∈ {1, . . . , n} and m 1 , . . . , m n ∈ N ∪ {0} such that ∑ n j=1 m j ≥ 2 and λ s = ∑ n j=1 m j λ j , then we say that A is resonant. Otherwise, we say that A is nonresonant. Similarly, if there are s ∈ {1, . . ., n} and m 1 , . . . , m n ∈ N ∪ {0} such that ∑ 
has a unique normalized solution f ∈ H(B n ) if and only if A is nonresonant.
(ii) In view of Remark 2.15 (i), we deduce the following characterization of the Carathéodory family N A , in the case that A ∈ L(C n ) is a nonresonant operator with m(A) > 0:
Next, we point out some examples of nonresonant operators A ∈ L(C 2 ) such that k + (A) = 2m(A) or the condition k + (A) < 2m(A) does not hold.
where λ 2 ≥ 2λ 1 > 0 and
Then A is a nonresonant operator with m(A) > 0 for which the condition k + (A) < 2m(A) does not hold.
Proof. It suffices to check that A is nonresonant, since the other conditions are clearly satisfied by A. Suppose that A is resonant. Then there exist s ∈ {1, 2} and m 1 , m 2 ∈ N∪{0} such that m 1 + m 2 ≥ 2 and λ s = m 1 λ 1 + m 2 λ 2 . Since 0 < λ 1 < λ 2 and m 1 + m 2 ≥ 2, we must have λ 2 = m 1 λ 1 , which is a contradiction with (
Now, it is easy to see that A has real resonances if and only if k + (A) = 2m(A). This completes the proof.
REACHABLE FAMILIES ASSOCIATED WITH THE CARATHÉODORY FAMILY N A
In this section, we consider the notion of a reachable family associated with the Carathéodory family N A (see [13] ). We obtain a characterization of this family in terms of A-normalized univalent subordination chains, and we prove that it is a compact subset of H(B n ), for all A ∈ L(C n ) with m(A) > 0. These results are generalizations of recent results obtained in [13] , in the case k + (A) < 2m(A). ∂
for all z ∈ B n . Also, let
be the time-T -reachable family of (1). [13] , in the case k + (A) < 2m(A)).
It is easily seen that h ∈ C ([0, ∞), N A ) and
Hence f = e TA v(·, T ; h) = lim t→∞ e tA v(·,t; h), and thus f ∈ S 0 A (B n ), as desired. We obtain the following characterization of the family R T (id B n , N A ) in terms of Anormalized univalent subordination chains (see [13] , in the case k + (A) < 2m(A)). Proof. In the following, we shall use arguments similar to those in the proof of [13, ∂
for all z ∈ B n and s ∈ [0, T ). We define f :
Since v(·, s, T ; h) is a Schwarz univalent mapping, for all s ∈ [0, T ], and v satisfies the semigroup property, v(z, s, T ) = v(v(z, s,t),t, T)
, for 0 ≤ s ≤ t, we deduce that f is an Anormalized univalent subordination chain such that f (·, 0) = ϕ and f (·,t) = e tA id B n , for t ≥ T . For the other implication, let f be an A-normalized univalent subordination chain such that f (·, 0) = ϕ and f (·,t) = e tA id B n , for t ≥ T . By Remark 2.12 (i), there exists h ∈ C ([0, ∞), N A ) such that f is a standard solution of (4) associated to h. Let (v s,t ) t≥s≥0 be the family of transition mappings associated to f . (v s,t ) t≥s≥0 satisfies the initial value problem (5) associated to h (see the proof of Remark 2.12 (ii)). Since ϕ(z) = f (z, 0) = f (v 0,T (z), T ) = e TA v 0,T (z), z ∈ B n , we have ϕ ∈ R T (id B n , N A ). This completes the proof.
The following compactness result of the family R T (id B n , N A ) is a generalization of [13, Corollary 4.7] .
Proposition 3.4. Let T ∈ (0, ∞) and let A ∈ L(C n ) be such that m(A)
Proof. By [12, Theorem 2.1, (2.2)] and (1), we deduce that, for every t ∈ [0, T ] and f ∈ R t (id B n , N A ), we have
In particular, R T (id B n , N A ) is a normal family. Next, we use arguments similar to those in the proof of [13, Corollary 4.7] , to deduce that R T (id B n , N A ) is closed. Let (ϕ k ) k∈N be a sequence in R T (id B n , N A ) that converges, locally uniformly on B n , to ϕ ∈ H(B n ). In view of Proposition 3.3, for every k ∈ N, there exists an A-normalized univalent subordination chain f k such that f k (·, 0) = ϕ k and f k (·,t) = e tA id B n , for t ≥ T . For every t ∈ [0, T ] and k ∈ N, let F t,k (z, s) = e −tA f k (z,t + s), for z ∈ B n , s ≥ 0. Then F t,k is an A-normalized univalent subordination chain such that F t,k (·, s) = e sA id B n , for s ≥ T − t, and thus, by Proposition 3.3,
From the above inequality we deduce that, for every r ∈ (0, 1), there exists C r > 0 such that
Using arguments similar to those in the proof of [15, Theorem 8.1.14], we deduce that there exists a subsequence ( f k p ) p∈N such that f k p (·,t) → f (·,t), locally uniformly on B n , as p → ∞, for all t ≥ 0, where f is an A-normalized univalent subordination chain such that f (·, 0) = ϕ and f (·,t) = e tA id B n , for t ≥ T . Hence, ϕ ∈ R T (id B n , N A ), in view of Proposition 3.3. This completes the proof.
DENSITY RESULTS FOR CERTAIN SUBSETS OF S(B n )
In this section we obtain approximation properties of starlike, convex, spirallike mappings, and mappings which have A-parametric representation on B n , by automorphisms of C n , n ≥ 2.
First, we obtain the following approximation result of spirallike mappings (in particular, starlike mappings) on B n , by automorphisms of C n whose restrictions to B n are spirallike (respectively, starlike), if n ≥ 2.
In particular, 
locally uniformly with respect to z ∈ B n . Let (r m ) m∈N be a sequence in (0, 1) that converges to 1. Taking into account (2) and Proposition 2.4, we deduce that
for all z ∈ B n \ {0} and m ∈ N. By (1) and (2), we deduce that for every m ∈ N, there exists k m ∈ N such that
The sequence (k m ) m∈N may be chosen to be increasing. For every m ∈ N, let ϕ m (z) =
Since (ψ k ) k∈N converges locally uniformly on B n to f and (r m ) m∈N converges to 1, we deduce that (ϕ m ) m∈N converges locally uniformly on
Using Proposition 2.4, one can easily prove that S A (B n ) is closed in H(B n ), for every A ∈ L(C n ) with m(A) > 0. From this, we obtain the reverse inclusion. This completes the proof.
In connection with Theorem 4.1, we have the following density result for K(B n ). 
locally uniformly with respect to z ∈ B n . Since f ∈ K(B n ), we have that (see e.g. [15, Theorem 6.3.4])
Let (r m ) m∈N be a sequence in (0, 1) that converges to 1. Fix an arbitrary m ∈ N. Let
for z ≤ r m . We denote by ε m the left hand side of the above inequality.
The sequence (k m ) m∈N may be chosen to be increasing. Taking into account the above inequalities, we deduce that
The next proposition provides a basic difference between the case of the Euclidean unit ball B n and the case of the unit polydisc U n in C n , regarding Theorem 4.2. Let K(U n ) be the family of univalent normalized holomorphic mappings f : U n → C n such that f (U n ) is convex. Also, let A (U n ) be the family of normalized automorphisms of C n that are restricted to U n .
Proof. We have (see e.g. [15, Theorem 6 
. ., Φ n : C n → C be the components of Φ. Fix an arbitrary i ∈ {1, . . ., n}. For every j ∈ {1, . . ., n} with i = j, we have
By the identity principle for holomorphic mappings, we deduce that Φ i depends only on z i on C n . Hence φ i has a holomorphic extension to C, given by Φ i . Let us use the same notation φ i for this extension. Thus we have
, it is easy to prove that every φ i is an automorphism of C, and thus φ i = id C . Therefore φ = id U n . This completes the proof.
The following density result related to the family S * g (B n ) is in connection with Theorem 4.2. 
Proof. First, note that the family S * g (B n ) is compact, in view of Remark 2.7 (iv). We shall use arguments similar to those in the proof of Theorem 4.1. Let f ∈ S * g (B n ) and let (ψ k ) k∈N be a sequence in Aut(C n ) that converges locally uniformly on B n to f . We may assume that ψ k are normalized. First, we observe that, for every r ∈ (0, 1), there exists δ ∈ (0, 1) such that
Taking into account the kernel convergence result given in [8, Theorem 2.17], we deduce that for every r ∈ (0, 1),
as k → ∞, uniformly with respect to z ∈ rB n \ {0}. Let (r m ) m∈N be a sequence in (0, 1) with r m → 1. Fix m ∈ N. From the above arguments, there exists k m ∈ N such that
The sequence (k m ) m∈N may be chosen to be increasing. Hence, we obtain a sequence (ϕ m ) m∈N in S * g (B n )∩A (B n ) that converges locally uniformly on B n to f . This completes the proof.
In particular, from Theorem 4.4, we obtain the following consequence: 
The reversed inclusion follows by Proposition 3.4.
In view of Theorem 4.6, we obtain the following density result related to the family R T (id B n , M ). 
The next result is a generalization of [21, Corollary 2.3] and [29, Corollary 2.6.10, Question 2.6.11] to the case of mappings with A-parametric representation on B n . 
The reversed inclusion is obvious.
In particular, if A ∈ L(C n ) is such that k + (A) < 2m(A), then A is nonresonant, and in view of Theorem 4.8, we obtain the following consequence (see [21, Corollary 2.3] and [29, Corollary 2.6.10, Question 2.6.11], in the case A = I n ).
Proof. It suffices to show that Next, we prove an embedding property related to the families S 1 A (B n ), A (B n ), and S R (B n ) (cf. [5] , [21] , [29] ).
Proof. For the first inclusion, let Φ ∈ Aut(C n ) be such that Φ(0) = 0 and
Then L is an A-normalized univalent subordination chain. Since e tA z ≥ e m(A)t z , for z ∈ B n , t ≥ 0, by (1), and since m(A) > 0, we deduce that R(L) = C n , and thus 
(ii) The authors in [12] and [14] (see also [20] ; cf. [10] ) gave some examples of operators A ∈ L(C n ) with m(A) > 0, for which S 0 A (B n ) = S 0 (B n ). On the other hand, in view of [12, Theorem 3.14] , if A ∈ L(C n ) with A + A * = 2aI n , for some a > 0, where A * is the adjoint operator of A, then S 0 A (B n ) = S 0 (B n ). In the last part of this section we are concerned with an approximation property of another compact subset of S 0 (B n ) by automorphisms of C n , for n ≥ 2. To this end, let
, then f is quasiregular on B n and extends to a quasiconformal homeomorphism of C n onto itself (see [11, Lemma 2.2] ; see e.g. [15, Chapter 8] ). Note that Q(B n ) is a compact subset of H(B n ).
Theorem 4.16. If n ≥ 2, then Q(B n ) = Q(B n ) ∩ A (B n ).
Proof. Let f ∈ Q(B n ). Since f ∈ S 0 (B n ), there exists a sequence (ψ k ) k∈N in Aut(C n ) such that ψ k → f locally uniformly on B n , as k → ∞. We may assume that ψ k is normalized, for all k ∈ N. Next, let (r m ) m∈N be a sequence in (0, 1) such that r m → 1. Taking into account Schwarz's lemma for holomorphic mappings into complex Banach spaces, we obtain that D f (r m z) − I n ≤ r m , z ∈ B n .
Since ψ k → f locally uniformly on B n , as k → ∞, it follows that for all m ∈ N, there exists k m ∈ N such that Thus, for every m ∈ N, ϕ m is a normalized automorphism of C n , whose restriction to B n belongs to the family Q(B n ). Also, ϕ m → f locally uniformly on B n , as m → ∞. Consequently, f ∈ Q(B n ) ∩ A (B n ), and thus Q(B n ) ⊆ Q(B n ) ∩ A (B n ). Clearly, the inclusion Q(B n ) ∩ A (B n ) ⊆ Q(B n ) is obvious. This completes the proof.
Let Q(B n ) be the subset of Q(B n ) consisting of all mappings f with the power series expansion f (z) = z + ∑ If n = 1, then Q(U) ⊆ S * (U) (see e.g. [15] ). It would be interesting to see if the inclusion Q(B n ) ⊆ S * (B n ) remains true for n ≥ 2 (see [11] ).
As in the case of the family Q(B n ), we may prove the following approximation result of the family Q(B n ), where n ≥ 2. Proof. Let f ∈ Q(B n ). Since f ∈ S 0 (B n ), there exists a sequence (ψ j ) j∈N in Aut(C n ) such that ψ j → f locally uniformly on B n , as j → ∞. We may assume that ψ j is normalized, for all j ∈ N. Next, let (r m ) m∈N be an increasing sequence in (0, 1) such that r m → 1. Let
Using arguments similar to those in the proof of Theorem 4.17, we obtain the following approximation result of K(B n ). We omit the proof. 
